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Somebimes relabed b Modular funetions,
Ywsmber theory . ..
There is a nice function on the UHP, whose

absolute values give a potential for this dis-
cretisation.
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etmz/12 [1° i (1 e 821%'112:)
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flz,y) ~y

Hyperbolic tecsellation
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BETHE LATTICG CAN DISCRETISE @
HYPERBDLIC SPALES , e.g. ofF DIMY 2,
UHP/DISE WITH THE PoINCARE METRIC

The Poincaré metric

2 2
ds’= (o + dy ¥

and its discretisation:

n=2"

n=2"

n:2’...... e
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The boundary of the tree 7, is Qp (through
the power series expansion

¢ = pN(Eo + 1+ op? + - ),
6716{0,1:"':1)_1}:607/:0-)

‘The usual string worldsheet is the strip which is confor-
mally equivalent to the UHP = SL(2,R)/SO(2,R).
SL(2,R) acts on the boundary of the worldsheet as a
symmetry, (and SO(2) is its maximal compact sub-
group).

The symmetry group of the boundary of the
p-adic worldsheet is PGL (2, Qp)
l PGL(2,Q,)/PGL(2,Zp) =

The ‘worldsheet’ of the p-adic string is discrete, but its
boundary is a continuum.

p-adic string provides an exotic discretisation of the open

string worldsheet.

33
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(WHY / How DoEs THE p-ADIC STRING

| BECOME THE USVAL ROSONIC STRING

|
| ]

|
__3
|
|IN THE uMIT fa4 7

CLUE FROM THE WORLDSHEET ¢

THE LIORLDSHEET' OF THE p-STRING

IS AN INFINITE RBETHE LATTICE,

A TREE WITH COORDINATION NO,=p.

p
7

2 3

"Worldsheet™ of the 3-adic String :
Bethe laHice of (oord. vo. 3



There are also nontrivial solutions: these are
again gaussian solitonic lumps.

Strategy:
‘We observe that x-product of gaussians is again
a gaussian:

i AB a4b
Ae—0l2? go—blzl? — i ( 2)
T IR ™

Now make a gaussian ansatz:

o(at,2%) = A2exp (~a [(z)? + (=%)?])
and equate width a and amplitude A on both
sides of eom.

3 Po|~1-nomal eqn. ]Qr ’o-adfo
= Tramscendental egn. fiv P

I%{‘W‘Po lah hg Colitons _ 23
9
’ > DG6{Lo0ou
F)..So('”ﬁ)q GM-S { e ‘%//4 4)

/}’("Jﬁ‘
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Let us deform the tachybn action of the p-adie
string. Using the x-product:

]VC} ¥ p %’4“1)4_]-(.¢0 3

Equation of mot|on in the noncommutative
theory:

3 '
P 2%p = (xp)?.

We will be interested only in the part dependent on z!
and z2. .

- The selutions, ¢ = 0,1 d¢escribing constant

configurations, are still solutions of the de-
formed eom.

22



A CUrIouS

‘Continuum’ limit: p — 1!

Take@ = 1 4 e)Jand consider the limit ¢ — 0.
We get,

oy . R ah s
£ = 2(,0:190 2(,0 (Ingo 1).

This is exactly what one gets from a string
f|e[d theOI’y, Of (ﬁt‘- MU.G.L bo.smlc S{r“\J,

More 'precisely, it is the boundary string field
theory (BSFT) action for the tachyon of the
bosonic string, truncated to two derivatives!
(Gerasimov & Shatashvili; Kutasov, Marino &

Moore)

Introduce noncommutativity [Cornalba, Okuyarha]:

A | il 5 .
- ﬁ(ﬁg )=.—-§so*a</9—§so*so-(ln*(so*so)—1)

yields the equation of motion:
o@ 4+ 2¢ %N, = 0.

m{*ﬂ B - (F'c[cﬂ.

sl



S

This is a solitonic m-brane.

Its tension (=energy/volume) is

" 2 [27rp2p/(p_1) |np] (25—m)/2
T 2¢°(p+1)| p?-1
L
T 2¢2p+1

. . i S | :
~ Ratio of tension TS is independent of m: as

m_

“in ordinary string theory.

Can study the worldvolume theory on the soli-
ton. A consistent truncation keeping only the
tachyon is possible. There are also massless
fields corresponding to translation zero modes.

pQTachyon field beh_'aves according to the con-
jectures of Sen. (DG & Sen, 2000)

18



Equation of motion:

)

[ ptop = P |

The solutions to these are:

£ The constant configuration Fo(a:‘) - 1“}

Th|s is the perturbative solution — a space—
filling D-25-brane.

The tension of the brane is

: 1 p
S —1 = .

e The constant configuration'gp(x) = Ojg -

There are no perturbative excitation around
this configuration. Energy vanishes in this
configuration.

Closed string vacuum?

e Space(time) dependent solutions:

Gomssiom wmp of ng

)
Codimensiow . -



Kinetic term in is non-standard and involves
an infinite number of derivatives. This is a
non-local theory.

Potential has a local minimum and two (re-

spectively one) local maxima for odd (respec-
tively even) integer p:

p-tachyon potential

Tachyon Potential
0.6}

Potential always has runaway pathological sin-
gularities, as in bosonic s{-vina.
7
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fodwor

Thehefrectlve action (un spacetlme) iS:

p—1 =

P qgT p+1 T
1 e
s 2(p+1)( + ) g

~ g o o

T'(x) is the tachyonic scalar and

o(z) =14+ I7(z)
ShaEs _

Perturbative vacuum T =0 cOrrespond to
@ =1.
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" The key observation of BFOW: all the ingre-

dients of the amplitude Ay have gp-adic ana-

logues.

Proposal: Define p-string theory as follows:

e replace the absolute value norm |-| of R
in the integrand by the p-adic norm |- |, of
Qp: '

<[ = 1l

e replace integrals over R by integrals over
- Qyp (using the latter’s translationally invari-
ant measure). -

The consequence of this is amazing:

All N-point amplitudes for p-tachyons can now
be computed e‘xactly. |

Le., we know the effective field theory of the
tachyonic scalar field of p-string theory exactly.

)



Any number in Qp can be represented as a
power serles inp

{ = (€o+§1p+£2p o )_{

where, &, = {0, 1,2,-- -1}, &o 7‘: 0.
Eg in@y £ =44+37+ 3.72 S AT
Thig is like tive '[_aureht series expansion.

Elements of Qp with norm at most i, form a
maX|maI compact subring:

ZPZ{EEQp I€|P< 1},

the ring of p-adIC integers. Ordinary integer_s _

are a dense subset in it.

\emd § digression}



Examples: |5|s = £, |35|s = &, [250]s = & = 3=,

s BE - i e T |
lgl, satisfies all the properties of a norm. In fact there
is a stronger triangle inequality: .

lg1 + 2|, < max {|ail,,, |g2l,}

This norm is called non-Archfmedran and leads to many
strange properties:

e All triangles are isosceles.

e Any point in th_e interior of a disc is a centre.
o If |q1]p < |g2lp, then |ngqilp < |ga|p for any n €Z.

Now recall that the field of real number R is
obtained from Q adding to Q the l/imit points
of Cauchy sequences. The limit points are de-
termined by the absolute value norm.

Cauchy completion of Q by the p-adic norm
leads to a new field. of numbers Qp




{digression}

\begin

Consider the rational numbers Q. We are fa-
miliar with the absolute value norm. Now we
will define different norms on this field.

1. Fix a prime numberp € {2,3,5,7,11,13,-- -},

2. For any integer z, find the highest power
of p that divides it. Call it ordyz.

ord, ~ logarithm: ordp,(z122) = ord,z; + ord,zi.

3. For a rational number ¢ = %:
ordpg = oOrdpz; — Ordpzo.

4. The p-adic norm is:

|I S p-—ordpq, q7#0
fip = U, q=20
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f-STRING THEORY

ey

7} f“" bre. 2 ! £ - f Y€l "j

s I J

Recall tree level scattering amplitude of N on-

shell tachyons of momenta k; (: = 1,---,N),

kf =2, T k;=0is:"
An({k;}) = fdﬁl-“dEN—3

] , N-3

. Ttk - gipim-sh

7 =1

. X 11 ‘&: s
1<i<j<N-3
’ The integrals are over the real line R with its
' translationally invariant measure d¢. Integrand

involves absolute values of real numbers.

The 4-point amplitude can be computed ex-
actly in terms of Euler beta function. But Ay
for N > 5 cannot be evaluated analytically.
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