A N

_Geometry_and _ Symmetry_

General /?e/atf/'w‘éj

Graham _ Hall (/}ée/‘a/eé’ﬂ)

¥ Introduction

i a 4-dimensional Hacesdorff c onnected
smooth manifold

Y
]

3 /.3' Q Smoof/f éorenéz metric om M (’,‘fj "J"'j
/4 2
//"C 9) o8 SP0e — time.,

W s the levi-(ivita cénnection ﬁcfm g Lith
Christoffel symbols Joc

< "~ q
/‘?/Em IS curvature Ctensor f/“om V (/? éca/)

ﬂ/éc 5 /R/'C(‘i tensor ﬁ‘cm v /ﬁﬁé}

L]

5 Covariont derivative , portial derivative

/f lie dlerrvatls/ve



2 The éeometrj of Symmetry

/s opeén coordinate domacn mn M with

Coordinates - ' :
Xx and 7[ IS o b!-‘/ecrf'/ve map

fitt> v a5 ov— @

/he map f/'f smooth  so f is e locol L iffeomorphise
V.

-/ ; :
Se - g x” o f /s a coordtnate .rg_rc"em om
[et | be a denvar on M.

Define f 7o e @& [ocal symmetry of T if
the COm/oonené'.s‘ of pa ya) m the :y:d‘:m ™

-‘-—.r-;-. - R '.fr{---l""::.:‘f:"‘-}_-'--l
L - e

e?uo/ Zh e Cm/omené:s' of 7 ot f/,o} 7]
ffa fér each pE D [é—? f”f = T)



B 2

By
"

Wew e X be a smooth vector freld on M.

ﬁ curve xq(t') /;7 Some coordinate domon c)(

M B e /hécjf‘a/ carve of X s‘éarc‘mj_ﬁam

REM if it L X* and f ) =p

7Z§§>/em _ lhere exists on open ﬁer_‘?ﬁ_/ﬁour/moq’

L of p ond €50 such Hhat for ony gE

there /5 én ('/Nf@/'“a/ ceorve x (t] of X which
starts ﬁmfn o and which is defwmed for

each t E (—g s

m——

So} for‘ cach ge U and For each ¢ e /‘5,5)

we con 'move” o a/o,a? the c}afejr‘c:/ curve

f—ﬁfi /) ,réaréfnj ﬁ'v“m g , = (curve) parameter

cistance ¢ a/ong thies carve, 16 o /ooc}zé-) say, i/:
77?(4:/_ foy hic ¢t e (-4 &) each g € (/ 15 moved

a pafameé'er cistance & n this /ey 0ﬂd9)V€5 rise

fo -5 map gﬂf e 2V (/: 7%/(,()) whenre %{}j = 2”.

7})erc ma/)_s') /(-3/‘ the cAv:-/‘ce_s of U and 5‘, arC
Ca//c’c/ 6%6 /OCC'/{' fﬁcz__oy___r or /o(a/ a/f'/é@amorpéf'f@f O]C X




D

go let us a’eﬁ'ne a {‘_7/)?/}76&/‘3! of a lessar |

as a veetor ﬁé/o/ X  such that eoch Jocal

flow 0/ A B a lowl symmebry of T

[hen the statement thot X 15 a
symmetry of T 15 eguivalent (by definition)
A Dhe stoboment thet 9 T =T for euch
local  flow A of X .  This 15 then eguivalent
fo  the comdition ¢hat

’{XT see LD (/)

{ijﬂf' could Cécmge the ;7mmezi'/_~y condrbron
F'T=T o, far exomple, 71 =27

fm/ some ﬁ/ﬂcz‘/'mv A: (/(%R o to some

other wvell — deﬁh ed geome trrcel  restriction
- 11

/e condition (1) s sometimes ore

areﬁxf than the relations 9@”7-:7“.



©,

genera/ /P/af/'vr'f‘j/ /Of' m a//ﬂ:”eﬂﬁo/ 35"””95{}’)

/D.t’rﬁa/ps the most /}ﬂ/oaré'ané symMeby i

occurs when 7 =7 lhus we .r'é'ua/j the

@quaér‘m /fxﬁ' = 6 [A’r‘//xf:gf- ece'uaz‘/m"),

An e?wwa/e/zé ﬁrm cy[ = /8

qub.'h Xﬁ_;a = 9 <:> xcf)-B = Fab /’-"Fba> CZ)

NOée" "f pGN and Xﬁ") #o0 ) choose coordinates
Y ¥o Mk = G Bwel cd o I s

- 23ab :
e?arva/en{; 7o __gi_}__ o T [Oﬂd the 5,15-(9‘9/‘3/ Curves

0[ )( are of Me fo;‘m + == (Q-{-&) 6‘, <, 0’)
with a b o e R].

X

7776 ;/éew —.rymmeér/c L’-e/).s*w —
called Hie Kill //:ij brvectar.

Note ¢that Ehe comolibion 9’2*9 =g on the
local ][/OW_S‘ of X & [hat ¢ R & loca

zsometfy Ojc (M«B)-




@

Other fymmezfr'/ef are;

4

(’i) When each ?f S‘arb'.rﬁe.r ?gﬁj - a"j
fmf o' U >K [/-e ?g @ conforma/ maf:)
en - A9 =3 el ok

enel X & © im/%rma/ vecbor freld

(i) When each @  preserves (/@ca/J geodesscs,

Qeodesic ,a

SEOc{e.r?c on V

7Z€ﬂ

X s called o ,0/‘6_)[661'7':/? veclor ﬁe/g_/

I]C/ /0 ac/o//t.‘/‘m/ f’acé % also preserves

c?ff/'ne /oa/‘amcferr/ the X is callod .fﬁ”e.
Notation

le€ k(M) w(H), c(m) AM) P (M)
denote the Lie 0/735/225‘ o]( A/f//m% bmobﬁfﬁc,
conformf-?/, aﬁ,‘ﬂe anrd ijccé/ue-' vector ﬁc/a’: on M.



@

_3_ngmet/y  Ordits

let X --: X © KM Let their
associated [ocal/ flows be 9@’---?{_&,

Let pEST end (arya/n)n? the ﬁ//aw.mj are
o/efx‘ﬂec/) Consider the fa//owmg  Pavemenk”
df r
P> QOI(P) o (}02(%0:090 =

¢ | () o

Al points tohrch  com be Treached’ 5 thix
way ﬁm P make o the orbit L"A/‘C_Jgj_é
P and associated with KM

e

[hese orbits are submanifolels of M anof
/i?c‘c’jra/ Mﬂxfgﬂf of K(r) . That is ¢he

fOngmé space %o Che ovbit fﬁrm«94 p Is Eéhe
veclor space Kﬁ'f),o = {x(;’) : Xe K(HJ_}.
Note

lhe cimens;on of /(//"f)f, moy cﬁaﬂg'e cwith

P ond so conndt ﬂece:saw‘/f use Frébenius theavy,



(.PXC!/H/Q[QG

* 3-dimensions
M ¢ timelike
—t orbits

or Rerssner — Nordstrom.

Friedmana ~_Robertsan
-Walker - Lemaitre /f
bit?
cc(il‘e’ e
5P \ﬁ/r////////_//[//(///////
'JMMQ [ /M 15 a single orbit

o ﬁomo_qen couy CQIC)

Plone Waves

(non- bomerneouf) :




(?Xam/p/e.

fj" X e K1) then ZX Rop = O.
SLI/D/DOSQ X(;o) = 0O, 7hen : et p,

by b el

(e 1 FlP) simple. 7hir means ok p
/ /

= ' . E:
Fob = [aSb —Sark (r‘) S ;{DQH b/aa’e Cv( Fﬁp
(C{Sc___g Fle) now '5;/77,0/6_. This means, o p,

Fab = o (tazs — zats) +/§(xa%+:fax¢) (4,/&//’?)

fere  Hhere are two wtﬁojcma/ canonical blades
af F(P) Yff?ﬂﬂea’ 57 t opod 2 ond éj )Caﬂo/'j’.

Then & ollows ﬁm (2] ¢hat /)[ Fcpl is
simple eack pon-zero veckar (a the blacle

of F(e) /s an egenvector of FRab itk Che
same elgenvalue ﬂ-e the blade 1= on egenspace of ,g;

Similor  remorkrs a/op/j m the ncm-hr/m,a/e case 7o
cack  plade [but with i» genemz oA e rent ez‘genvo/ues)



So faf' we have considered /(/i//m?
vectbor fields  oefined  globally o M olthough

theirr  [ocal f/ow_r were local itsomelries.

5 Local k/‘/@y Vector Frelds.

gut /OAgJ‘fCS‘ ru\gge&ﬁ’ thal an sbhserver
will mﬂfj be able #o observe /(///f/zy vector ﬁe/a/r

n his ne{yﬁéour/mﬁ‘ﬂ(
So suppose , stead af /(z'////)j vector ﬁe/a/r

defined  globally on M, we jave  for each
pE’ , an open /?eIBAAOWAO"D'D/ U of p ano
@ Ldie a/9eéra K () of /(e’////—yg vector pfelds

r;/gﬁx}go’ on U (he ?ae_réfan I e these

/(’ff//”} vector ﬁé/o’r on U /779/*99 restrictrens,
7 6{) of j/oéa’/ Kf/ﬁ‘@ ve ctor ﬁ/drcm T

7%6’ Gnswer a/epfna/; on (’Ae cAoz‘ce oJEC(
He demensions of the varicus K(u) c:ma? the

tpdlegy of M.



@

G Curvature %mmez’:g .

SU/DpOSe now Cthatb X is such that its

/OCO/ //(/M/J‘ cre curvature zzen_s'a-r /O)'*E'-S‘ervinj.
- Then X s calledd a curvature collmeation and

4/?qécd = 0.

Denote ﬁ.e lre a/yeém o}c fmo-c(?'ff Curvolere
collineations o éj CC (M).

Exarple
C/S'z‘: —5/67——/- Aq/ﬂa/x‘”a/x’&
L .
E(,/’,b’ b 2 pa gt Aw/g i Ax/ (xr}j
7hen f(f)_c%: [= (o,0, onC(ﬂ) e i
any smevth £,

Problems !

(i) Differentiability

(i) Dimension of CC (")

(u) Orbit  Structure

(v) Vanishing on open subsets of I1.

Kesult ”f/z 9?/16’1‘0/” cclm) = H(M).




K/_Z

S (/(/O/D ose ) (h Some coordinale s _rj:tem,
: 7
we ﬁave metrics 3a6 Q‘ﬂd Fab with the

prcperf‘y- that f'ée/r t‘zpe (1, 3) curvature tepsers

are C?uo/,‘

/
/Q Qécd = /Qqéra’.

' /
_then, 96/};/‘)(0//}, Geb == B8 e .

constont.

Qeneﬁca//y; we have the ﬁ//ow,-nj/.
¢ (y)

4?_& is the
/ocq/'f/ow

of a vector

Freid X.

anc/ where //e’m (s Ethe curvabture fensor of 7
ardf 'ﬂwﬁfm Sb e -—--—-%*j
50, ’;}{ At o turvotpe collineation, 9 onof
"
Qf 9 Aare mme Krem andf 99 7 .fcﬁ (‘(ccann‘aM

k' - PRI T SRR a5




