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Abstract

Recently, we obtained the transition amplitudes for a general time-dependent linear
harmonic oscillator using standard operator techniques. In this paper, we follow the same
techniques, to calenlate the transition amplitudes after adding a linear time-dependent
term to the Hamiltonian. This allows for odd to even and even to odd transitions which
was not allowed when these linear terms were absent.

5 [ntroduction
Time-dependent harmonic oscillators have been considered by many authors [ 1 —
4]. From the point of view of a physical application, Parker [5] applied the alpha
and beta coefficients of the problem to the cosmological creation of particles in an
expanding universe. Earlier, Kanai [2] had considered a simple form of the time-
dependent linear oscillator. Through this model was criticized by Brittin [6] and
Senitzky [7] for various reasons, Landovitz et al, ignoring the criticism, proceeded
to calculate the Green’s function [8] for the general form of Kanai’s model and
used it to calculate the corresponding transition amplitudes [9]. Their calculations
are very difficult to comprehend.

Recently we used standard operators to calculate the transition amplitudes for the
general time-dependent linear harmonic oscillator in a transparent manner [10].
We anticipate that our approach will be relevant to other physical problems
including Senitzky’s [7] complex mode! for the dissipative quantum mechanical
oscillator.

[n this paper, we have used the same manifest operator techniques to obtain the
transition amplitudes after adding linear time-dependent terms to the Hamiltonian
which allow for transitions from odd to even and even to odd states. These
transitions were not allowed under the even-parity Hamiltonian which did not
include the linear terms. :

This paper 1s organised as follows. In section 2, we introduce the modified
Hamiltonian and obtain the transformed operator x - (t), p = (t) in terms of the
non-transformed time-independent operators x and p and the coefficients in the
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“transition matrix”. In section 3, we calculate the corresponding transformed
creation and annihilation operators. In section 4, we derive the recursion relations
satisfied by these transition amplitudes. These recursion relations are used in
section 5 to calculate a generating function which gives the transition amplitudes
in terms of the initial one. This initial one is then evaluated using its relationship
with a known identity to complete the calculation.

(3]

The Transformed Operators x + (), p + (t)

The Hamiltonian for a time-dependent linear harmonic oscillator with linear time-
dependent terms added is given by

-

e e
H(t) = f(1) 2% - 38O mx® su(t) p+v()x (1)

Note that we have emphasized the t-dependence of the Hamiltonian while we have
suppressed the x and p-dependence. This convention will be used in the sequel for all the
operators.

In the above, the functions f(t), g(t), u(t) and v(t) are all real continuous functions to make
the Hamiltonian hermitian. Also f(t) = g(t) = 1, u(t) = v(t) = 0 gives the usual time-
independent linear harmonic oscillator Hamiltonian whereas putting u(t) = v(t) = 0 we
arrive at the case previously discussed by us of a time-dependent linear harmonic
oscillator without the linear terms.

The wave-functions at an arbitrary time t are related to the ones at time t = 0 through a
time-dependent unitary transformation U(t) by

U(x,t) = U@®) ¥(x,0) (2)
where
U U () =U ) U@ =1 (3)

The Schrodinger equation

ih %u (x,1) = Hityyr (x.0) : (4)
r

and equation (2) give

&

it U(x,t) = H(t) U(x,1) (5)
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which for the time-independent Hamiltonian, results in the obviously unitary “formal”
solution

Ly,
u() = e (6)
In general, however, equation (5) cannot be solved analytically.

We define the operators O (t) corresponding to any operator O(t) (which may have a
manifest time-dependence) by

O+ (t) = U'() O() U(1), O(t) =U(t) O(t) U'(1) (7)

These operators satisfy the dynamical equations

L =0 - 8
= 0.0 = — 0., H.(0] + (+0). (32)
e 1 i

g, = O, 0. WL 0).  (8)

which have a slight asymmetry. Note that the operator in equation (8b) in the
commutator is H(t) and not H.(t) as may be expected if there were symmetry.

The operators x.(t), p-(t) are related to x and p by

X-()=U(t)x U(t) = a(t) x +b(t) p + y; (t) (9a)
p(t) = U'(t)p U(t) =c(t) x +d(t) p + y2 (t). (9b)
Since
[x+(1), p«(t) ] = U(t) [x, p] Ut) = ih=[x, p], (10)
a(t) d(t) - b(t) c(t) = 1. (11)

Thus the homogeneous part of the transformation in equations (9) is given by a

unimodular matrix and in particular, its determinant is t — independent. Note that the
presence of the functions y(t), ya2(t) in equations (9) expresses the non-homogenous
nature of the transformation which is resulting from the linear terms in the Hamiltonian.




To obtain the differential equations system which determines the coefficients a(t), b(t),
c(t) d(t), yi(t), y2(t) in equations (9) w use

s 1
== e (O H ()= fG)
1n

o1

p. (1)

m

+ u(t) (12)

and the expressions for x.(t), p+(t) in equation (9) to arrive at

: {
a) x+ b)) p +y,0i) = f;)(c(!)x +d(t) p+y,(t))+ u(t) (13)
which gives
i : t
a(t) = A )C{!]. b(t)= AU, d(t) (14)
m m
!
i e f’EI) v, (1) + u(t) (15)
. ~° " 4 Similarly from,
ke
A e ] :
-7 ——=—[p.(t), H.(t)] = - g(t)mw'x_(¢) - v(¢) (16)
% ct ih
?I’ we obtain
g or) = — g(ymw’a(t), d(t) = — g(t)ymw? b(r) (17)
_i':!} = - g(r)mu': '\’l(:‘) - v(1) (18)

We note that from equations (14, 17)

d

%muum;— b(t) c(t)) = 0

dr
which shows that a(t) d(t) — c(t) b(t) is independent of time.
Thus

a(t) d(t) - b(t) c(t)=a(0) d(0) -b(0) c(0) =1 (19)
Since

a(0)=d0) =1, b0) =c0)= 0 (20)



The result in equation (19) has already been obtained in equation (11) using a different
argument.

From equations (14) and (17), we may write second order differential equations for the
functions a(t), b(t), c(t), d(t) which are for a(t), b(t)

f;((:)) Z(t) + f(t) gt) w*Z(t) = 0 (21)

Z(t) =

and for c(t), d(t)

e o 1 .
Z(t) - —=—Z@)+ () g) w'Z(t) = O (22)
g(?)

Subject to the initial conditions, a(0) = d(0)= 1, b(0) = ¢(0) = 0, the equations (14
17) have unique solutions for a(t), b(t), c(t), d(t). For the time-independent case
(f(t) = g(t) = 1), these are explicitly given as

3

a(t) = d(t) = cos wt, b(t) = =5 sinwt, c(t) = - mw sin wt (23)
mw

In the absence of the linear terms ie when u(t) = v(t) = 0, the homogeneous system of
equations (15) and (19) for y(t) y2(t) have the unique trivial solution

yitth = ) = 0 (24a)
using yi1(0) = v»2(0) = 0 (24b)

This is as expected and can be proved easily using standard theorem from theory of
system of first order ordinary differential equations.

For completeness, we note that y,(t), ya(t) satisfy the non-homogeneous second order
differential equations.

e Bedar e o0 T 4

i) - 10 )+ f(2)g(e) w y (1) = u(t) (f(f) u(r) - . V(1)) -(25a)

: gl . ; e 5 g'(t) 7

¥ltd=——y, )+ f)elt) w y.{t)= v(t)- (gltymw u(t) + v(t)) -(25b)
oft) g(t)

Finally, we may use similar techniques to obtain the operation x (t), p (t) in the form

X)) = d(t) x - b(t) p—d(t) yi(t) + b(t) yat) -(26a)
PAL = - Clt) % & Aty p oy vty < alty (D) (26b)



Note that the homogeneous part in the above equations is given by the matrix

d(t) -b() g e : alty D)
( —c((r)) 4ty ) which is unimodular and inverse of the matrix ( o) d() ) n
equations (9).
3. Calculation of the transformed creation and annihilation operators

The non — Hermition creation and annihilation operators A” and A are related to
the Hermition operators x and p through.

-1
e ———— + imwx Zila
~ 2mhw (p ) i
R T 27b)
A= —=(p - imwx 2
A 2mhw P )

The above equations can be inverted to give

x= IH(A+AW (282)

\ 2me

Sinia
| mhw

P:‘*'-M'

(4~ A4} (28b)

The operators A and A" satisfy the commutation relation
(A AT =1 (29)

In terms of the energy eigenstates of the Hamiltonian H = H(0) given by

Hin>=Mnh+1) hw|n >, (30)
the operators A and A have the matrix elements
<mdn>=+né,, -(31a)

<mAd |n> = \n+1d (31b)

mn+1

Next we compute the transformed operators A.(t) and A™.(t) in terms of the
function a(t), b(t), c(t), d(t), yi(t), ya(t) appearing in the transformed operators



where

o bl

ity =

7 \f)=

Similar

A" ()

x+(t) and p+(t) in equation 9. Indeed using equations (7, 27b, 9, 28) in that order,
we have

A (t)=U"(t) AU(¢) = m U™ (t) (p - imwx) U(2)

1

= oy (p.(t)-imwx_(1))

l o S : et
= e [(c(t) — imwa(t)) x + (d(t) — imwb(t))p + (,(t) — imwy,(1))]

: D

= ——[(c(t) — imwait) \/
N 2mhw

(A+ A7)

2mw

mhw

2

+ (d(t) — imw b(t)) (—i (A& A7)

+ ,(t) —imw y, (1)

=a () A+ (@) A +7 (1) (32)

i (c(r) — imw(a(t) + d(t)) — m*w’ b(r)) (33a)

2mw

[

(c(t) — imw(a(t)—d(1))+m*w’ b(1)) (33b)

2mw

-
|

[
[—(v.(t) + — v, (1)). 33
\ 25 (1 (t) mw Y2() i

ly,

=U @A U@) = B @)A+a ')A +y (34a)

which can also be derived from equation (32) by taking hermitian adjoints of the two

sides.

Note that using equation (20 and 24b)

a(0) =

1,5(0)=0,7(0)=0 (34b)



For completeness, we give below the expression for A_(t) and A_"(t)

Indeed

A =0 WA=<p)4" +r'{t) (35a)
A=~ (O Ada () 4" +7y"'" (1) (35b)

where

y'(1) = Jm[(—d(t) + LC(I) Y (1) + (B() - il a(r) y,(1)]-(36)
2h mw mw
As in equation (34b)
7'(0)=0

4. Recursion relations for the transition amplitudes am,(t) = <m| U(t) | n>.

Following the methods of our earlier paper [10]

mn

1
a (t)=<mU(t)|n> = ﬁ <mlU(t)A" |n-1>

1
= —<mU)A U (HU@)n-1>
\VH

]
=—< A -1

n

= ;< m(=f ()A+a@)A +y " @)U@)|n-1)

A H

using equation (35b).

1
= ﬁ [<m|- B "()UNU (t)AU)n - 1>+ a (¢) J;)< m-14U@)|n-1>

+7 " () <m|U(t)|n-1>]



- 71:[‘( m- B (OU(a @)A+B ()A +y(t)|n-1>

va (t)Jm<m-1U@) |n-1> + 7" ) < mU@)|n - 1>]

using equation (32)

= %[—a(r)ﬁ‘(r]v’n— 1< mU(t)n-2> B Vn<m|U(t)|n>
v AR

+a (O)fm <m=-1U@)|n-1> + (= B @)y )+ 7" (&) <m|U(0)|n-15>] (35b)

Transferring the term B> <m [U(t) |n> to the left hand side and noting that
a [P -18F =1 -(39)
which can be observed directly from equations (33 a, b) and also from

[A.(t) ,A2(®)]=1= |af - |B [

using equations (32, 33), we arrive at

-1 4°(2)
<mU(t)|n> = - wfn” i—g{) <mlU(t)|n-2)
m 1 WU @)n-1)
N <m-1U(t)n-
Vn a' @) ' :
1 =8 (®Or(t)+ 1"
T B e (40)
N a |

A similar procedure results in another recursion relation

5 Im-1 B(¢) i
<mU(t)|n> = ) ——<m=-2|UQ)|n>
\J m i L)

|
| 1

+oab— <m-14U(t)|n-1>
Nm a’ (1) i
1 Hy" )+ 7 (¢
5 = LAY ;n) AL <m-1U(t)|n>

-(40b)



5. Calculation of the transition amplitudes

We define coefficients By,y(t) by means of the equation

mi2 . /2
a, (t)=<mU@)n> = Jm'n! (aﬁ,((?)] (’SS;T B, (1) -(41)

In terms of Byn(t), the recursion relations in equation (32) become
1
I

1 A R R W B, .. ty+ B(IY B . (f) -(42a)

m B, ()= B, ,,(¢) + Wl| B A1y A2 B i () (42b)

where we have used

g {5} By @y @)

e @ () S
; — B Dy )+ 9"
B 2 (1) B (M)y(+7'(1) (43b)

RVAG) la [* (2)

The recursion relations in equation (42) are sufficient to determine all By, (t) and hence

the transition amplitudes up to a (in general) complex constant. To determine B, (1), we
define a generating function.

G(x,y,t)= ). B, ()x"y" (44)

=1

where we shall assume that any B,,(t) with any index taking negative integral value is
zero. Then the recursion relations in equation (42) give

:‘ Gleyt) = (=3 + @TI(;) x+ B(t)) G (x,3,1),  -(453)
~ l
:Tt(;(,\.,;-,;) = (x+ s Y HAD) Gloyt)  (45h)
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which can be easily solved to give

2

-y x
Al

G(x,y,t) = G(0,0,7) exp( +—+ A(t) x + B(t)y) -(46)

2 |

The t-dependent function G(0,0,t) is related to ac(t).
Indeed G(0,0,t) = Boo(t) = age(t)=<0|U(t) | 0> 47)

Thus,

'] 1 +F L+ p+ f+p+y
(_1)(5)k xu p+q )__2 + P+)
KU 00 plg! r1 B P

G(x,y,1) = ay(t) A@)? B(ty  -(48)

To obtain Byy(t) which from equation (44) is the coefficient of x™ y" in the above
expansion, we take

m=2k+pt+tqg, n=2l+p+r

which fix k and | as

it ot S W o i
— = -
: 5 : (49)
and results in
o
| l 2 i
. '.\ 2) \F
B et Z(_ o = e 3 A(t)? B(1)
PO A e A"
.\. . /I;.,_I. 5 /I:,p-f}‘r-, |

where the summations over p, q, r are restricted by the argument of any factorial present
in equation (50) to be a non-negative integer. For example, if m is an even integer, then
p+qhavetobeevenand m—-p- q=0. We note, in particular, that whenm=n=0, p
=q=v=0 and Byy(t) = ag(t) which is consistent with equation (47).

From equations 4 and 50, we have
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BVl 'm”
a, (1) = ay,(t) \/m!n! [a'(t)] [ J -

a’ (1)
bt e : A(t)? B(t)

3 -1
*Z( ) (m—p—q]l(n—p—r
e

22\ prgiripp

n=p-r
2

(51)

which gives ayn(t) up to a function agy(t). To determine this function, we use the
standard normalization

1=<0[0> =Y < OU@) | n> < nlU () 10> = Y |a,, (). (52)

n=0 n=0

But from equation (51)

wrr (1) T
\ 12 (-1)2 ['-] B (t)

A i
p ()| 2
_ = t ! | :
a\]n(r) a[JfJ( ) \/E ‘\ o (!f)'__l Z ( 1n- )’] i (53)
> !
From the above equations,
= 1-1
o (s el s Ee _
g {[) = ”Z!: == 2/.‘ i_‘ !a = : T EI/ e i‘]\.E : f n— tl “.I! : : ‘(3'1‘)
L e ll'\ 2 .r’r : L 2 ;'II J

where the expression in the bracket is obviously non-negative. Also the summation over

. . . gt 2 |ﬂ |
n through infinite is convergent as |a|=1+[f |" or 0< ﬁ < i
a

We can choose the phase such that ag(t) = (o(t) / oa(t)‘)1 - | ago(t) | . This reduces to the
case of linear harmonic oscillator: when f(t) = g(t) = 1, u(t) = v(t) = 0.

For the case when the linear terms are absent, A(t) = B(t) = 0 and the summations over q
and r contain only the term with q =r=0. Then p takes either odd or even integral
values depending upon whether m and n are both odd or even. Thus in this case
transitions from odd to even or from even to odd states are not allowed. However, in the
presence of the linear terms, whether time-dependent or time-independent, transitions
from odd or even or from even to odd states are now allowed as the corresponding amn(t)
may not vanish.
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