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Introduction and Summary

Parent action (g,, = diag(—1,1,1,1))
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Treat F' as an independent variable without requiring any relation with
the gauge field A. Performing path integral over Ap, which is equivalent
to solve the equations of motion for Ap in terms of F' and replace it
in the action, leads to Abelian gauge theory action

1
SU = —@ d4prwF,uv, (2)

now I’ = dA. Performing path integral over F', which is equivalent to
solve the equations of motion for F' in terms of Ap and replace it in

the action, leads to the dual action
9
Sp= - [ diaFomFo,, 3)

where Fp = dAp.

Duality transformation is



Noncommutative space is defined by constant 6 :
[t 2] =@
Duality can be generalized to noncommutative gauge theory:

1
g— —.
g

and

o — G = 926‘“”"""990.
yielding noncbmmutativity of space-time coordinates of the dual one
although the original noncommutativity was between space-space co-

ordinates.

e [t is shown that noncommutativity of space-time coordinates re-
sulting from duality does not require any change in Hamiltonian
formalism. Thus we derived Hamiltonian formulation of noncom-

mutative D3-branes and studied some aspects.
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e For supersymmetric U(1) theory parent action was available in
terms of restricted superfields. A version in component fields is

introduced.

e Seiberg—Witten map between ordinary and noncommutative gauge

fields is generalized to supersymmetric gauge theories.

e Different parent actions, thus different dual actions for noncom-

muting supersymmetric U(1) theory are obtained.

e Dual actions for noncommuting theories were given by solving egs.
of motion. Constrained Hamiltonian methods are used to show

that partition functions of them are equivalent.

e Parent action for nonanticommuting U(1) gauge theory is in-
troduced and dual action is derived. Equivalence of the parti-

tion functions is shown.
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Dual action for non—anticommuting U(1)
theory.

Superstring theory with pure spinors in a graviphoton background gives
rise to a non-anticommutative superspace. It can equivalently be intro-
duced as deformation of 4 dimensional N = 1 superspa,ce. by making

the chiral fermionic coordinates 6, @ = 1,2, non—anticommuting
{0800 =107,

where C (CH = C*eg,c"” 7) are constant deformation parameters.
4, are intact.

This breaks half of the supersymmetry:.

Moyal antibrackets (star products) are used. Thus, instead of opera-
tors, one deals with the usual superspace variables.

In euclidean R* chiral and antichiral fermions are not related with com-
plex conjugation. Seiberg used the vector superfield of this deformed .
superspace to derive, after a change of variables like Seiberg—Witten
map, the N = 5 supersymmetrlc Yang-Mills theory action

ICcP?

hp = / d4for ——G““Gw—z)qD)\Jr L2 C“”GW(M) .

Gauge transformations possess the usual form. Although we deal with

euclidean R*, we use Minkowski space notation.
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We propose the parent action as
Ip o IO[XJ i IE[X: XD}
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Here F),, are independent field variables.

The equations of motion with respect to the “dual” fields are

E”V/\navF)ui =0 )

@@6:&)_\ ) @@D:&)\j y D1:D2:D.
One solves by setting £, = 9,4, — 0,A,. When one plugs this and
the solutions of the other equations of motion in terms of A, A, D,

into the parent action, the non-anticommuting N = % supersymmetric

U(1) gauge theory action follows:

_i 4 _1 _ 22PN\ 1 2_3' 2% _ £
= / d:ﬁ{ 1 0uAs=0,A,) ~iMIA-- D* =2 C™ (9, A, &,A#))\)\}.
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The equations of motion with respect to the “original” fields are

1 i WO T |
—"'—F'uv o g . ,U,I//\f{ —
292 e 4920 ()\/\ + lb?,b) 26 6;\ADK 0,
IN+ig’PAp =0 , PP —ig’PA\p =0,

PN+ CHE N+ ig’PAp =0 | @¢+CWﬂMﬂ—@@My:m

Di+i¢g°Dp=0 , Dy—ig*Dp=0.

We solve the equations of motion for the dual fields and substitute
them in the parent action to obtain the dual theory action :

1
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where Fp,, = 0,Apy, — 0, Ap,.
Observe that the original theory action and its dual possess the same

form and the duality transformation is

1
g — —
9
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Equivalence of partition functions

Partition function for the parent action is expected to produce parti-
tion functions of the daughter actions. There are some terms cubic in
fields. Thus, it would be apposite to discuss its partition function in
phase space, where integrations would be simplified due to hamiltonian

constraints.

(P,m/ H(l):ﬂ Hlap HQ: H205? Pl:' P2) (P’u aD} ﬁDd: PD)

are the canonical momenta corresponding to
(F,uv; /\Grf:' )_\d} d}c}:a T/Ed: Dl: DQ): (AD;L) )\Daa _%1 DD)

Fach of the canonical momenta resulting from the parent action gives

rise to a primary constraint, which we collectively denote them as
16PL |

[1)12 = P[)i ~ 0, ij' = P~ 0
X7 =0f =0, Xig=Ihs— )\0‘00 + IADJM ~ 0,

- s O — TTO 7, —(]n:oz 17y Oaa ~
Xoa = s = 0, x5 =115 — 5 2?/)a = SN 0,

q)lEPl%O, (pQEPQ%O,
¢p, = PP ~0 b = Ph—1ei*Fy ~ 0
Iy = 2 ™M D =+D™ 3 Jk )
1. s _
X%EHQD—"Q—%%&UM% : Xpe = Ilps + $A%00, = 0,
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Canonical hamiltonian associated with the parent action is

My = SlgFh+ 5AVA+ 30R% — (D + DY) + SO Eu (A + o)
—e”kFoiajADH + %e”kﬂjﬁﬁflm — 5)\)(7)_\9 - 5)\;_;)(7)_\ + %’gﬁﬁ)\p
+%)‘\DW - %DD(DI — Dy).

Extended hamiltonian is obtained by adding the primary constraints

©® with the help of Lagrange multipliers I,, to the canonical hamilto-

nian:

%E = %p + la@l’l

Consistency of the primary constraints with the equations of motion:
B = {HE, @a} ~ (

gives rise to the secondary constraints

?

Ay = {H,, P} = —~2-—2D1—§DDQ'503
Ay = {Hp, P2} = 212D2+;DD 0,
Ap = {%p,PD}_3< —Dy) =0,
op = {Hp, Pp} = §fijk3kFij ~0,

: 9
- 7 B’ ok
c,()(l}Z = {Hy, Poi} = Y 926”}%63'149& + ——g s (AN +9) =0

In path integrals first and second class constraints are treated on

different grounds. Thus, let us first identify the first class constraints:
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¢p1 is obviously first class. Moreover, we observe that the linear com-
bination
¢p; = Oidp, +p = O;Pp ~ 0,

is also a first class constraint. There are no other first class constraints.
However, the constraints qﬁj_% contain second class constraints which
we should separate out. This is due to the fact that a vector can be
completely described by giving its divergence and rotation (up to a
boundary condition). We used divergence of ¢ ,» SO that, there are

still two linearly independent second class constraints following from

the curl of ¢},
&b, = K, = KMeind ¢, =0,

where n = 1,2. K7 are some constants whose explicit forms are not
needed for the purposes of this work. Although all of them are second

class, we would like to separate ©Y in a similar manner:

Bip% = —B;F% — Ecﬂ”ék(?\i + ) = 0, (4)

cpl — 13”?’633 8?

P2

lII

3
where £™ are some constants. The reason of preferring this set of

constraints will be clear when we perform the path integrals, though

explicit forms of £7 play no role in our calculations.



In phase space, partition function can be written as

L =2 /HDYi DPy, M eifdgx(YfPYa‘_HP)
M = Ndet(87)6(0-Pp)s(0 - Ap)o(Ppo)d(Apo)sdet M H 6(S2),

where Y; and Py, embrace all of the fields and their momenta. S,
denotes all second class constraints: S, = (¢1, @2, P1, P9, ¢p,, Pp,

Y2, ¥3, Al; AQ} ¥D; AD: X1, Xl: X2; )22: XD; XD) We &dopted the

gauge fixing (auxiliary) conditions

A = 0,

0

8Ap, = 0,

for the first class constraints ¢p, and ¢p,. N is a normalization con-
stant. The matrix of the generalized Poisson brackets of the second

class constraints M = {S,, S,/} can be written in the form

A B

?

C D

M =

so that, its superdeterminant is given by
sdetM = (det D)~ det(A — BD™'C).
Calculations of B,C' and D can be shown to yield

(BD™'C) = 0.
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Therefore,
det A

det D’

Contribution of fermionic constraints is

sdetM =

det D™' = —(4det g*)°.
Here, det g, which arise because we deal with constraints of a field the-

ory, should appropriately be regularized. Contribution of the bosonic

constraints has already been calculated:

det A = det (€0 K7 K3 ) det (eijk(‘?iL{Lg) .
These determinants which are multiplication of three linear operators
should be interpreted as multiplication of their eigenvalues.

The integrals over all of the fermionic momenta and P,, can be

easily performed utilizing the related delta functions, to get

- / D(AIM exp{?l / &z [PlDl + PyDy + PYApy + Pi A,

. - I [ e
Polp — —F%Fp ——— AR~ 3B
—iww - i(DQ +Dj) - oo (A + 1)

—4—‘920%&_};()\)\ -+ 'Qb'ﬂb) + € JkFOi(‘?jADk = "2"6 JkFij@kADo

PO T, [ 1o - 4
Here, M is the same with M except the delta functions which we

utilized above.
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We first would like to integrate over the fields which do not carry the
label “D” : Py, P integrals are trivially performed and by integrating
over Dy and D we get a factor of det g? and (Dp). Integrations over

Y and A yield

(detd/ det g2)%6 (i) + g*Ap)S(iX — g*Ap).

Thus, we replace ¢ with ig?Ap and A with —ig?Ap after integrating

over ¢ and \. Integrations over F* vyield substitution of F% with
3 ; i
9263_?kajADk L *2'94003)\D)\D;

F' with €% Ppy and cancellation of the determinant. Moreover, we
integrate over A%, PJ and choose the normalization constant N such

that we get

g = / DAp; DAp DPp; DDp DPp (det g*) det 62)(det)?

§(Dp)d(Pp) 6(0-Pp)s(0- Ap) |
exp{i / dx [P;;Am + PpDp — ;gQPDin — iCYE PpiApAp

g’ g

] Z 1] SR . Y :
_Z_FSFDij == 59205FD3'55AD)\D v ZQQAD&)\D + ED%] }

In the exponent we distinguish the first order lagrangian of the dual
theory where I1% and Ilpg are eliminated from the path integral by

performing their integrations.
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Now, let us integrate over the fields carrying the label “D”: Pp integral

is trivial. Integration over Dp contributes as
(det g°)6(Dy + D3)d(Dy — D).
Integrations of the fermionic variables Ap and Ap lead to
O(=P + PSP — Pu).
Due to the constraint ¢p = 0 we set
Foy = 0iA; — 0 As-

However, this replacement does not diminish the relevant number of
physical phase space variables as it should be the case if the second
class constraint ¢p has been taken properly into account. Therefore,

we adopt the change of variables with the replacement
DEF;;6(e" ™m0y F ) (KL (Pp; + eijn F*)) —
— det(8*)DAS(9;A7)d (KL(Pp; + €07 AF)) .
Expressing Ap; and Pp; in terms of the fields (A4;, Fy;) by making use

of the delta functions §(K"@%))d( L ¢Y)5(0-Pp)d(0- Ap) contributes

to the measure with

[(det g°)? det(0?) det (Efg‘jkainKéf) det (eijkaiL{Lg)] B .



Hence, integrations over Ap; and Pp; can be performed to obtain
= / DA; DFyDX DX Dy Dy DD, DP, DD, DP,
(det g*) det(0?) §(0 - A)(S(Dl + D9)§(Dy — Ds) §(—@) + PN)
5PA = 0) 3 (B.F” + 0.CONA + )
exp{ /d3 { L ( poi + —C‘”(X)'\ +9) | A
g° 1 '
+D1P1 + szz e iFUiFoa‘
2g2
ko - N s

__g"(aiA' —ili)” — @)\@)\ = W@’Gb t 12 (D2 + D3)

Integrating over Dy, Py, 1), 1 and renaming D; = D and P, = P yield

Z = / DA; DFy DX\ DA DD DP
(det g%)(det 02)(det @)25(P)6(D)5(0 - A)
: eu = 1 : e .
§ (0F +i0C"AN) expd i / d? [— FU*HGU*AA) Ai+ DP
i 1 |
——F{”Fz — —(B;4; — §;A)* — A+ —D?

__EC'”(é‘iAj - ajsz))_\)_\} }

In terms of the change of variables

@P' = FY% 1 Q%))

DF" = (det g*)DP",
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we write the partition function as

Z = f DA; DP' DA\ DX DD DP

(det g°) (det 87)(det @)? 6(D)S(P)5(d - P)6(D - A)
. + 2 . i i
exp{'é f d*x PiAi + D P, — %(R-)? — iCY" PN

;A; — 0; A; —_A A+—D2
4g( i p 9 27

—?Gij(aiA_j - ajAz-)i)‘\} }
In the exponent we recognize the first order lagrangian of the original
theory after integrations over I1¢, Il14, 11§ and Iy are performed in
its path integral.
Let us adopt the normalization to write partition function of non—

anticommutative N = § supersymmetric U(1) gauge theory as
Zna = / DA; DP, DA DX DD DP §(D)§(P) 6(0-P)§(0 - A)
exp{ /d3 P'A;+ DP — 92( B)? —iC%PAX
(B — A — AR+ - D?

9 9° 29

—gcw(a s e ain))‘\x] }
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Therefore, by the applying the above transformation , partition func-

tion of its dual can be obtained as
Inap / DA, DP, DA DA DD DP 5(D)5(P)5(8-P)5(8 A)

1 -
exp{h/dd [P A; + DP — 55-(3)2 O““P-)\)\

Y (a A; — 0jA)° —ig? APA + 5D2

—% U(3A; — ajAz-))‘\;\} }

Here, we omitted the label “D” of the dual fields.
Comparing the results one concludes that the partition functions of
non-anticommutative N = 3 supersymmetric U(1) gauge theory Zy 4

and its dual Zy4p are equivalent:

ZnA = ZNAD.

Therefore, under the strong-weak duality non—-anticommutative N = %

supersymmetric U (1) gauge theory is invariant.
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