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1. INTRODUCTION 1

A one-parameter group of conformal motions generated by a conformal Killing vector (CKV)
¢ is defined by [1]

££gab — 2¢gab < gab,cgc -+ gacg,cb + gcbg,ca — 2¢gaba (1>

where £ is the Lie derivative operator along the vector field ¢, and a,b,c,... =0,1,2,3;
Y = 1(x*) is a conformal factor. If 1., # 0, the CKV is said to be proper.

V. =0 <= ¢ special conformal Killing vector(SCKV)
Y, =0 <= £ homothetic vector(HV)
=0 <= ¢ Killing vector(KV)
In most situations of physical interest, we have spacetime symmetries which further reduce
the number of unknown functions [2].

The Einstein field equations (EFEs), which are a set of coupled non-linear partial differential
equations,

1
(Gab E)f{ab - §Rgab — ’{Taba (2)
ten unknown functions g,, when R, =0 +

{ the mass-energy density p, pressure p , ... } when Ty, # 0
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1. INTRODUCTION 2

The well-known symmetry of the Ricci tensor is called as the Ricci collineation (RC) defined by

[1].
£XRab =0+ Rab,cXC + RacX’Cb + RcbX,iL — 07 (3)

where X = X* aia is the vector field generating the RC symmetry.

Recently, much interest has been shown in the study of Matter collineations (MCs) defined by
LTy =0 <— Tab’cyc + Tac)/’g + TCbY:CCL = 0. (4)
When we assume the EFEs, the vector field Y generates an Einstein collineation if

fyGab =0 <= £YTab =0

The MCs and the RCs of the FRW metric have been studied by Camci and Barnes [3].
Tsamparlis and Apostolopoulos [4] have determined the RCs of Bianchi | space-time in the
case of non-degenerate Ricci tensor.

Department of Physics Canakkale Onsekiz Mart University U. Camci



1. INTRODUCTION 3

Camci and his collaborators[5], [6] have classified the RCs of Kantowski-Sachs, Bianchi I and
[l spacetimes. A family of RCs of Bianchi Il, VIII, and IX spacetimes have been discussed by
Yavuz and Camci [7]. The RCs and MCs of locally rotationally symmetric spacetimes are
presented in [8]. Recently, we have classified the RCs in perfect fluid Bianchi V spacetime [9].
Here we provide a complete RC classification of the Bianchi Il spacetime according to the

nature of the Ricci tensor R,.

Some important results about the Lie algebra of RCs[11]:

a. The set of all RCs on manifold M is a vector space, but it may be infinite dimensional
and may not be a Lie algebra. If R, is non-degenerate, i.e. det(Ry,) # 0, the Lie algebra
of RCs is finite dimensional. If R, is degenerate, i.e. det(Ry,) = 0, we cannot guarantee
the finite dimensionality of the RCs.

b. If R, is everywhere of rank 4 then it may be regarded as a metric on manifold. Then, it
comes out as a standard result that the family of RCs is, in fact, a Lie algebra of smooth
vector fields on manifold M of finite dimension < 10 (and # 9).
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2. Spacetime and Ricci Collineation Equations 4

The line element for the spatially homogeneous Bianchi Il spacetime is of the form [2],[12]
ds? = —dt® + A%dz® + B? [dy — zdz]” + C?d2?, (5)

where A = A(t), B = B(t), and C' = C(t).

This spacetime admits a group of isometries (53, acting on spacelike hypersurfaces, generated
by the spacelike KVs

§ay =0y, &2 =0: @)= 0+ 20, (6)

The Lie algebra has the following non-diagonal commutators:

S o] =0, [n.ém] =0, [€o).¢m] = &w- (7)
The non-vanishing components of the R,;, are given by
A B C
RoozRo—<Z+E+6>, (8)
Ry1 = Ry, Rae = Ry, (9)
Rys = —xRy, Rs3 =a°Ry+ f, (10)
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2. Spacetime and Ricci Collineation Equations
where Ri(t), Ro(t) and f(t) are defined as

T ERETIE ]
TN )
(Gt

where the dot denotes derivative with respect to . Then, we find the scalar curvature R as
(A2 (ALY

The Ricci tensor metric for Bianchi Il spacetime is given by
ds%, = Rydt* + Ry dz® 4+ Ry [dy — xdz]” + f dz? (15)

where Ry, R, Rs, and [ are given the above. Here it is obviously seen that this metric has
the original Bianchi Il form given by (5). Thus, the signature of the Ricci tensor metric
depends on the signs of Ry, R, Rs, f, and is Lorentzian if Ry and the others R, Ry, f have
opposite signs and is positive or negative definite if they have same sign.
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2. Spacetime and Ricci Collineation Equations 6

For the Bianchi Il spacetime (5), using the non-zero Ricci tensor components (8)-(10), we can
write the RC equations (3), generated by an arbitrary vector field X“(¢,z,y, z), in terms of
R, () as follows:

RoX° + 2Ry X% =0, (16)
RiX°+ 2R XY =0, (17)
RoX° +2RyF, =0, (18)
(:c% + f') X0 4 22R,y (X' — F.) +2f X% =0, (19)
2Ro X+ Ry (X' — F. +aF,) — f X3 =0, (20)
Ro X' + R X, =0, (21)
RoX', + RoF, =0, (22)
RoX" —xRoF, + f X, =0, (23)
RiX, + Ry (F,+X°) =0, (24)
Ri X! — xRy (F,+X°)+ [X, =0, (25)

where we have defined " as ' = X? — 2X?>. Then we find that det(R,) = Ry Ry Ry f.
Therefore, we will study the RCs according to whether det(R,,) = 0 (degenerate case) or

det(Rgp) # 0 (non-degenerate case).
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2. Spacetime and Ricci Collineation Equations 7

If R, is non-degenerate, the standard results on KVs to deduce that the
maximal dimension of the group of RCs in a pseudo-Riemannian
manifold of dimension n is n(n + 1)/2 are valid, and this occurs if and

only if the Ricci tensor metric has constant curvature.
Thus, the maximal dimensions of the group of RCs for spacetimes are 10.

Therefore, the possible number of proper RCs for Bianchi type |l
spacetime are only 7, 2,5,/ and 7.

Furthermore, in this study we will take the proper RCs to denote an RC
which is not a KV, or HV, or SCKV.
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3. Ricci Collineations for Degenerate Ricci Tensor Cases 8

For the degenerate R, of Bianchi Il spacetime, we have the following possibilities:
(DO) all of the Ry, (¢ =0,1,2)) are zero;

(D1)-(D4) one of the Ry and f are nonzero;

(D5)-(D10) two of the R, and f are nonzero;

(D11)-(D14) three of the R, and f are nonzero.

Case (DO0) corresponds to the vacuum case in which every vector is a RC. Now, the solutions
of the RC equations for Cases (D8), (D11) and (D14) are given the following.

The remaining degenerate cases are summarized in Table 1.
Case (D8). R; #0, Ry=0= f(i=1,2). In this case, we have

2R
X=- Rl F,yat + (xFy + F,Z)ax + [F — ok, — gR%_a(xEyy + Fyz) ay
a¥ah] 1

1
— |Fz+ C_R%_a(fﬁF,yy + F,yZ)] o (26)
1

where Ry # 0, Ry = ¢ R (av # 0) and F = F(x,y, z), and the following equations must be

satisfied

$2F,yy + F..+ 22k, =0, (27)
(a—1)

Floo+ b gy + Fy,=0. (28)
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3. Ricci Collineations for Degenerate Ricci Tensor Cases 9

If Ry and Rs are arbitrary functions, then the RC vector is found as

X =[A1 + A2 €q) — A€ + anés) (29)
where ag is a constant, A; = A;(x), and {;)'s (i=1,2,3) are given in (6). When R, is arbitrary
and Ry = ¢y (constant), the following RC is obtained,

2R
X = —R—lejx&g + Aoax + [ZAO + Al — ZU(ZAO,x + Al,a:)] ay - (ZAO,:U + Al,a:) 8za(30)

1
where Ay = Ag(z), A1 = Ay(x), and R, £ 0.

Thus, we see that all subcases of this case give infinitely many RCs.
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3. Ricci Collineations for Degenerate Ricci Tensor Cases 10

Table 1: The RCs of Bianchi Il spacetimes in degenerate Ricci tensor cases. In this table ¢y, co, ¢35 are

non-zero constants related with the components of Ricci tensor, ag, a;, as, as are constants, and we have

used the transformation dr = v/ Ry dt in some cases.

Case | Constraint(s) X

DI | Ry#0, R, =0=f, \/%—OﬁtJrXi(a:“)@xi, (1=1,2)

D2 | Ri#0, Rj=0=f, | —%1g(2) .0 + g(2)0; + X7 (2°) 0y, (v =2,3)
Ry #0, (j - 072)

D3 | Ry #0, Ry =0=f, | =%2h,0, + (why + h:) 0 + (h — xh ;)0 — h ;0.
Ry #£0, (k=0,1) where h = h(x,y, 2).

D4 | f#0, Ry =0, —%g(z),zat + 9(2)0, + Xi(2)0,, (i =1,2)
F40, (1=0,1,2)

D5 R, #0, Ro=0=Ff | (apx +a1)0; + [ao (eﬁ_f; — §x2> — g:val + ag] Op + X7 (2%) 0~
Ry = 1”7 where (3 is a constant.

D6 R; #0, Ry =0=f | ay0; + (UO,z — gaox) O, + (UO —2Up, — gaoy) Oy — Uy 0.
Ry = c9e®™ where Uy = Uy(z, 2).

If Ry, Ry are arbitrary,

then ag = 0.
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3. Ricci Collineations for Degenerate Ricci Tensor Cases 11
Case | Constraint(s) X
D7 | Ry#0# f, Ri=0 | (apz +a1)0; + [ao (% — %22) — Sayz + ag] D, + X ()0,
f=cze’”
D9 | Ry #£0#f, Rj=0
By A0, f =aiR | =2h,0,+ ho, + X3(@)0, + (A1 = L [ h.dw) 0.
a1h g +h,., =0 | where A; = Ai(2) and h = h(z, 2).
Ri=c,f=c3 (alﬁ T aQ) O + <_“1£ T a?’) 0 + X7 (2%) 0y
R, # 0, f = oy R}? _2521511 O + (ala% + &2) O + X?(x*)0, + (a12z + a3)0,
DIO | Ry #0# f, Ry =0 | =2421.0, + [(1 — )2g1. — aygu 22 + 92,2] O
f=R/" R0 | +(—ayg.+g) 0, — q0.
where g1 = g1(2), g2 = g2(2) and «( 0) is a constant.
Ry=cy, f#0 %gl,zat + (2912 + 92.2] Or + G20y — 910,
D12 | Ry #0# f. Ra=0 | aod, + [ao(a — B)z + 9(2)..] 0y
r =28, Ir =20 | +[—aoBy + g(2)] 9, + (—aoaz + a1)0.
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12

Case | Constraint(s) X
DI3 | Ry 20+ f, Ry=0
Ri=c,f=c (@17 + azz + a3)0r + (—a1 = + aq)0; + X2(x")0, + (—a2Z +a5)0,
(a1x + a2)0r + (— a1 +azs + as)0; + X?(x*)0, + (—agé + a5)0,
(@12 + a2)0r + (azZ + ag)0p + X?(2*)0y + (—a1 L — a3 = + a4)0,
Ry =c1, [ = e (a12 + a2)d; + azd, + X*(x*)0, + [“71 < 2 — Bz ) — a9z + aq| 0,
Ry = ¢, f = ¢, (a1 + az)0; [ ( ;f;T — az2> — apx + CL3] 8, + X2(2)8, + a40,

R, = 0162‘” f = cye?07
(%), -

ffT) = 262, 3 >0

a>0

——R1+ const.

f

al@ + (—CL1Q$ + Gg)a + Xz( “)0
Aods + [— B Aoy — arzd —|—a2] 9, + X2(z%)9,

202 Ry
+ [ 252 A02+a1x+a3] 0,
where Ay = cosh(ax) [a4 cosh((z) 4 a5 sinh(5z2)]

+ sinh(ax) [ag cosh(5z) + a7 sinh(5z)]

(—a16z + a3)0,
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3. Ricci Collineations for Degenerate Ricci Tensor Cases 13

Case (D11). R; #0 # f, Ry = 0. In this case, there exists an interesting situation where we

have found the finite number of RCs in most of the subcases.

When Rl 7é ClRQ, f 7& C3R1, Rl 7£ 0 or R1 = ClRQ,f 7& C3R2 or R1 = Cl,f 7£ 0 or
Ry =c¢1, Ry = ¢9, f # 0, then the obtained RCs are only KVs given in (6).

In some subcases we have found the following proper RC in addition to the KVs given by (6)

1
Xy = €1 20, + 5 (61 22— 625132) 0y — €220, (31)

where €; and €5 are constants related with the appeared constraints.

|f R2 = Cgf = ClRl, Rl 7£ 0 or f = ClRl and R2 = Cy OT Rl =(C and f = C9 (these cases
include one proper RC given the above), then the constants ¢; and €, take respectively the
values € = c; and e = ¢ or€; =c; and e =1 ore; = 1 and €3 = ¢ /¢, where ¢; and ¢

are nonzero constants.

When R = ¢1, Ry = ¢o and f = ¢3, we find infinitely many RCs as follows

X =&, X =&, Xp)=<Ep)

1
X = X2y, 2)0, + €20, + 5 (6122 — 62562) 0y — €220, (32)

where &(1), {2y and £(3) are KVs given by (6); €1 = 1/c; and €3 = 1/cs.
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3. Ricci Collineations for Degenerate Ricci Tensor Cases 14

For the case Ry # 0, Ry = oY~V and Ry = ¢, RY, it follows from the solution of RC

equations (16)-(25) that the proper RC is
2R,

1

where 3 is a constant (# 1,2), and the Lie algebra is given by

Xy, X)) = Xy, X, X)) =X, (34)
X2, X = (6-1D)Xp), |[X@g), X =Xs). (35)

When 8 =1, i.e., Ry = 1Ry, f = 3Ry and Ry # 0, the number of RCs becomes infinite
which are the following ones

2R
X'=-—2F, X'=ga, (36)
Ry
2 L 3 1
X?=F—zF,— =G, X*=—-F,——G, (37)
C1 C1

where F'= F(z,y,2), G = G(x,y, z), and the following constraint equations have to be
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3. Ricci Collineations for Degenerate Ricci Tensor Cases 15

satisfied
k
G.+zG,— P (Flyy + c1F o) =0, (38)
1
k
G—aF,—F,+ 2 (G,yy +c1Fgy) =0, (39)
1

For Ry = ¢y f and Ry = ¢1 R?, i.e. 3 = 2, the obtained proper RCs are given by

2R
Xy = —R—lat + 20, + 2yd, + 20,

1

1
X(5) = €120, + 5 (€1z2 — 62:1:2) 0y — €220, (41)

where €, = 1 and €3 = c5. The corresponding Lie algebra has the following non-vanishing

commutators:
X (1), X(g)] = 2Xq),

X, Xy =Xy, [ X Xw)] =X, (42)
X, Xy =Xy, [ Xg), X5)] = —2Xa).
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3. Ricci Collineations for Degenerate Ricci Tensor Cases 16
If R4 = c; and Ry = af, where a is a constant, then we get
2R
Xy = — =20 + y0d, + 20, (43)
Ry
where R, = 0, and the Lie algebra is given by
X Xw] =Xy, X Xgl =Xa), [Xe), Xw] =X, (44)
If R =0b/f and Ry = c3, where b is a constant, then we have
2R
1
where R; = 0, and the Lie algebra has the following non-vanishing commutators
X, Xg] =Xa), [Xe, Xw] =Xe). (46)
Thus, we have finite number of RCs in most of the subcases of this case even if the R, is
degenerate.
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Case (D14). R, #0, f=0 (£ =0,1,2). In this case, we have the following RCs
X = Upd, + [2Uo + Uy — 2 (2Up g + U1 2)] 0y — (2Up o + Ur ) 8.
where Uy = Uy(x), U; = Uy (x).
If Ri = 5L and Ry, # =2 R, then we get
X =a10; + [z + Uy — 2Up 2| 0y, — Up 2.0,

When R; = =L and Ry = e P2, the RC vector field becomes

2o
X =a10; + (—ajax 4+ a2)0, — a1 (o — B)z — Uy x| 0.
+ (—a1 By + asz + Uy — 22Uy ) O,

Thus, the number of RCs is infinite in this case.
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Now, we consider the RCs in non-degenerate cases, i.e. det(Ry,) # 0, admitted by Bianchi Il
spacetime. We define a set {R,(t), f(t)} for functions R, and f, where £ = 0,1,2. Thus, we

have the following possibilities:

(ND1)-(ND4) three elements of the set are zero;
(ND5)-(IND10) two elements of the set are zero;
(ND11)-(IND14) one element of the set is zero;
(ND15) all elements of the set are zero.

Before giving the solutions of these cases, we write the constraint equations appearing in the

RlT 2 R2T 2
’ p— ’ p— 4
R1<231>,T ea’, R2<232>,T e 57, (47)

where ¢ takes values 1 or ¢y (a constant related with Ry), and «, 3 are separation constants.
If ¢ = 1, then we use the transformation dr = /Ry dt. Otherwise, i.e. when € = ¢, then R
becomes a constant (= ¢g), and the conformal time 7 is equivalent to the physical time ¢. If

classification as

«? and (3% are zero, then it follows from the constraint equations (47) that R; = ¢;e*!” and

Ry = c9e**7, where 1 and 1 are integration constants.

The obtained solutions of these possible cases are given Table 2.
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4. Ricci Collineations for Non-degenerate Ricci Tensor Cases 19

Table 2: The RCs of Bianchi |l spacetimes in non-degenerate Ricci tensor cases. Here, we have

used ¢y, c1, C2, c3 as the non-zero constants related with the components of Ricci tensor.

Case Constraints 1 of RCs proper RCs

ND1 | By £0, Ri—c1, Ro—co, f—c5, | 5 X :gaﬁ%(g—fg—j) 9, — 2.,
C? # B A X5 = O

ND2 | Ry #0, Ry =co, Ro = ¢, [ = 3 3 —

ND3 | Ry £0Ry=co, Ri=c1, f =c3 4 X4 is same as ND1

ND4 | f+£0, Ry=cy, Ri =c¢i1, Ry = ¢ 3 —

ND5 | R, #0, Ro=cy, f=c3(k=0,1)| 3 —

ND6 Rj #0, Ri=c1f=¢c3(j =0,2) 4 X(4) is same as ND1

ND7 | Ry #0+# f, Ry = ¢y, Ry = ¢ 3 —

ND8 | R; #0, Ry=co, f=c3(i=1,2) 3 —

ND9 Rl#();éf, Ry = ¢y, Ry = ¢ 4 X(4) is same as ND1

ND10 | Ry £ 0 f, Ry =co, R1 = &1 3 —
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4. Ricci Collineations for Non-degenerate Ricci Tensor Cases 20

Case Constraints f of RCs proper RCs
NDI1 | B; £0#£ f, Ro=co=¢, a® =0 = 32 Xy = 20, + 1 (2—§)ay
0,
Ry = c1e®™ Ry = coe®™, f = c3e?™, i = 2n 5 X)) =0 —nxd, —2ny 0,
—1 20,
Ry = c1e®™, Ry = coe®Mt, f =c3e®™, #2n | 4 X(4) is same as ND1
ND12 | Ry # 0, Ry = ¢1, Ry = c9e®'™, f = cqe?47 4 Xy =0, — py0y — pnz0,
e=1,3=0
ND13 | Ry # 0, Ry = c1€®"", Ry = ¢o, f = c5e2T" 4 X4 is same as ND1
e=1,a2=0
ND14 | R, #0, f =c3(£ =0,1,2)) 3 —
ND15 | Ry =co, Ri =c1, Ry =co, f =3 5 X (1) Is same as ND1
X ) =0
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4. Ricci Collineations for Non-degenerate Ricci Tensor Cases 21

For the cases (ND2), (ND4), (ND5), (ND7), (ND8), (ND10) and (ND14), we have only the
KVs.

In cases (ND3), (ND6) and (ND9), and some subcases of (ND11; where
Ry=cy=¢,a*=0= 3, f=c3e?" p+# 2n) and (ND13; where
e=1,a*=0,Ry = co, f = c3¢*7), we have only one proper RC

z 1 /22 a° x
Xpy=—0y+=(———10,——0, 48
) & + 2 (Cl Cg) Y C3 ( )
where ¢; and c3 are non-zero constants, and the Lie algebra has the following non-vanishing
commutators
1 1
Xep X =X, [XerXw]=_Xe, [XeXae) = o Xe (49)

For the case (ND12; where ¢ = 1, 32 =0, Ry = ¢y, [ = c3¢?#7), the obtained proper RC is
given as
Xy =0; —pydy — pz0, (50)

with the non-vanishing commutators

Xy X)) = =Xy, X, X)) =Xo, [Xo,Xg] =-pXg. (51
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4. Ricci Collineations for Non-degenerate Ricci Tensor Cases 2

In the cases (ND1), (ND11; where Ry = ¢ = ¢y, a® =0 = %, f = c3e*"', = 2n), and
(ND15), we have found two proper RCs. For the cases (ND1) and (ND15), one of these
proper RCs is given by (48) and the other one is X5 = 0. or X(5) = 0;, respectively. For the
case (ND11), in addition to the fourth RC given by (48), the fifth proper RC is obtained as

X)) =0 —nx0y —2ny 0y —n 20, (52)

where 7 = /2. For the last case, the non-vanishing commutators of the Lie algebra are given
by

X1y, Xy = —20X0), X, X@)] = X,

- 1

X Xw] = X, X2, X)) = 20X, (53)
- - 1

X@), Xy = —gX@)» Xy, Xy| = —nX(3).

Department of Physics Canakkale Onsekiz Mart University U. Camci



Conclusions and Discussions 23

a. In this study, we have solved the RC Egs.(16)-(25) for Bianchi Il spacetime (5), and
obtained all possible RCs according to the degenerate or non-degenerate Ricci tensor. We
have found that if the Ricci tensor is degenerate, section 3, then there are many cases of
RCs for the Bianchi |l spacetime with infinite degrees of freedom except for most of the
subcases of case (D11), the groups of RCs are finite dimensional, in which there are one or
two proper RCs. When the Ricci tensor is non-degenerate, section 4, we have obtained
finite number of RCs which are three, four and five. Therefore, the number of proper RCs
in non-degenerate Ricci tensor cases are one or two. In some cases of sections 3 and 4, the
results are given in terms of Ry and some integration constants together with differential
constraints related to the components R, Ry, and f which must be satisfied.

Also, in any case of degenerate or non-degenerate cases of the Ricci tensor, we have
also obtained different constraint equations. When we could solve these constraint

equations, it could be able to find new exact solutions of EFEs.
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Conclusions and Discussions 24

b. Before this section, we have not used any form of the energy-momentum tensor T};,. As an
application, for the Bianchi |l spacetime, we consider the perfect fluid, which is given by
Twy = (p + p)ugup + pgap, Where u, is the four velocity of the normalized fluid, p and p are
the energy density and the pressure, respectively. Therefore, if the universe is filled with a
perfect fluid, then using the EFEs one can obtain that

1
Ry = E(P + 3p), (54)
A2 B2 02
Ri=—(p—p) Ro=—(p—p) [f=—(p—0p) (55)
2 2 2
The linear form of a barotropic equation of state p = p(p) is given by
p=wp=(y—1)p, (56)

where p is the energy density, p is the pressure, and w (and 7) is a constant. Causality then
requires w to be in the interval —1 < w < 1. Hence the parameters w = —1,0,1/3, and 1

correspond to vacuum fluid, dust filled universe, radiation and stiff matter, respectively.
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Conclusions and Discussions 25

The mathematical instability of the parameter w might lead to some interesting physics. The
matter with the property p > 0 but p < —p < 0 (i.e., w < —1) is dubbed the phantom energy.
For the behavior of the matter in the quintessence regime, the interval of state parameter w is
—1 < w < —1/3. It ought to be noted that both quintessence and phantom fluids lead to the
inequality p + 3p < 0, thus breaking the strong energy condition.

Now, using (54) and (55) in the metric (15), the Ricci tensor metric of perfect fluid Bianchi Il
spacetime becomes

2ds%,. = (p+3p) dt* + (p — p) [da* + (dy — xdz)* + d2*] (57)

which has same signature with the metric (5) if w = —1, that is, p = —p. For the latter case,
there is a relation between the generic Bianchi Il metric (5) and the Ricci tensor metric (57)
such as ds%.. = pds®, that is, the spacetimes (5) and (57) are conformally related with the
conformal factor p. Beside the phantom barrier w = —1, both the phantom region w < —1
and quintessence region, —1 < w < —1/3, give rise to the Lorentzian signature metrics. But
in the causal region —1 < w < 1, it is interesting to note that we have the Euclidean signature
metric for the interval —1/3 < w < 1.
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The matter tensor metric of Bianchi Il spacetime has the form
ds2, ... = Tydzde® = Todt® + Tida® + Ts (dy — xdz)” + fud??, (58)

where 1, is given by

AB AC BC  B?

Too =T, = — 59
w="1=2F T ac T Bc T 1ac (59)
B C BC B?
Th=T = —A?
et <B c " BC A202> ’ (60)
A C’ AC 382
Ty =Ty = —B? 1
S (A c T ac 4A202> ’ (61)
Toy = —aTs, Ts3 =Ty = f(t)y + 2T, (62)
where (1)), is defined as
A B AB B?
f(B == <A B AB 4A202> (63)
For the perfect fluid Bianchi Il spacetime, we have Ty = p, T}, = pA?, T5 = pB? and
far = pC?, which yields the following metric
ASperfees = pAt° +p |A%da® + B* (dy — xdz)” + C*dz*] . (64)
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Therefore, using (59)-(63), the energy density and the pressure become
AB AC BC  B?

P = AT ac T BC T 1A (65)
= — A+B+AB+ B (66)
b = AT BT AB T 1A2C? )
A C AC  3B2
- <Z+5+AC4A202>’ (67)
B ¢ Be B
- <§+5+BO+4A202>' (68)

Hence the curvature scalar given in (14) is obtained as R = p — 3p and p + 3p = 2R,.

The matter tensor metric is positive-definite when p > 0 and p > 0. For the perfect fluid the
energy conditions are given as [13]

p=npp), p>0, 0<p<p. (69)

Under the assumption of perfect fluid in non-degenerate cases of the energy-momentum
tensor for Bianchi Il spacetime, we have obtained from the constraints related with each of the
non-degenerate cases that R = (1 — 3w)p. Thus, if w = 1/3 (radiation filled universe), then
the curvature scalar R of perfect fluid Bianchi Il spacetime vanishes.
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c. In degenerate cases of T, for perfect fluid, i.e. when det(T,,) = 0, the energy conditions
for the case (Ty # 0, T; = 0 = fy, i = 1,2) are satisfied but for remaining ones are not. In
the latter case of degenerate T}, we have dust (p = 0) and the curvature scalar has the
form R=p, i.e. R> 0.

In same case of the degenerate R,;,, (D1;Ry # 0, R; = 0 = f) filled with perfect fluid,
we found that p = p = R, (stiff fluid) and R = —2p, that is, R < 0. This is an example
of difference of the results obtained from RCs and MCs in degenerate case.

Mathematical similarities between the R, and T,;, mean many techniques for their
study should show some similarities. When the 7, (equivalently GG,;) is non-degenerate,
the determination of MCs for the Bianchi Il spacetime follows immediately from Table 2

without any further calculations.

Then we will give an example for differences of the obtained results from RCs and MCs
In non-degenerate case. In case (ND15;Rg =0=f, £=0,1,2) of non-degenerate Ricci
tensor, assuming the perfect fluid for Bianchi Il spacetime, we found that p + 3p = const.
But the corresponding case (7, = 0 = f);) of MCs in perfect fluid Bianchi Il metric yields
that p 4+ 3p # const.
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